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Abstract 

Here, the solution of the mixed integral equation of the first kind in one, two, and 
three dimensions is obtained in the space [ ] [ ] <×Ω TTCL ,,02 Ω;1  is the domain 

of integration with respect to position. Many spectral relationships, when the 
kernel of the position takes a form of logarithmic kernel, Carleman kernel, elliptic 
kernel, potential kernel, generalized potential kernel, and Macdonald kernel, are 
considered as special cases of this work. Also, many important cases are obtained 
and discussed. 

1. Introduction 

The mathematical formulation of physical phenomena, population 
genetics, mechanics, and contact problems in the theory of elasticity, 
often involves singular integral equation with different kernels. Over the 
past 40 years, substantial progress has been in developing approximate 
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analytical and purely numerical solution to a large class of singular 
integral equation of the first and second kind. 

The monographs [1-4, 7] contain many different spectral relationships 
for different kinds of integral equations, in one, two, and three 
dimensions. Also, in [12, 13], using Krein’s method, Mkhitarian and 
Abdou obtained the spectral relationships for the integral operator 
containing logarithmic kernel and Carleman function, respectively. 

In this work, the spectral relationships for the mixed integral 
equation in one, two, and three dimensionals, will be obtained. The 
results of the previous works in this domain will be considered as special 
cases of this work. Many important cases will be discussed, when the 
kernel of the position takes different forms of Weber-Sonien integral. 

2. Mixed Integral Equation 

Consider the mixed integral equation 

( ) ( ) ( ) ( ) ( ) ( ),,,,
0

21 tx,fddyyyx,ktFdytyyxk
t

=ττΦτ−λ+Φλ ∫∫∫ ΩΩ
 

( ) ( )( ),,,, 321321 y,y,yyyxxxxx ==  (2.1) 

under the condition 

( ) ( )., tPdxtx =Φ∫Ω  (2.2) 

Here, the given function ( )tx,f  is defined in the space [ ] [ ],,02 TCL ×Ω  

Ω< ;1T  is the domain of integration with respect to position. The 

pressure ( ) [ ] ,1,,0, <∈ TTttP  and 1λ  and 2λ  are constants, may be 

complex, and having many physical meaning. The unknown function 
( )tx,Φ  will be obtained in the space [ ] [ ] ;1,,02 <×Ω TTCL  the known 

function ( )yx,k  is the kernel of the position and has a singular term, 

while ( )τ−tF  is the kernel of Volterra integral term, measured with 

respect to the time, and represents the resistance of the layer of the 
surface against the pressure ( ).tP  
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In order to guarantee the existence of unique solution of (2.1), we 
assume the following conditions: 

(i) The kernel of the position, ( ) ( ),321 x,x,xxx,yx,k =  and  
( ),321 y,y,yyy =  satisfies in ( ),2 ΩL  where Ω  is the domain of 

integration with respect to the position, the discontinuity condition, 
Fredholm condition 

( ) A,dydxyx,k =






 ∫∫ ΩΩ

2
1

2     (A is a constant). 

(ii) The positive continuous function ( ) [ ] [ ]( ),,0,0 TTCtF ×∈τ−  

and satisfies ( ) BBtF ,<τ−  is a constant, for all values  ( ) [ ].,0, Tt ∈τ  

(iii) The given function ( )tx,f  with its first partial derivatives are 

continuous and belong to the class ( ) [ ],,02 TCL ×Ω  where its norm is 
defined as 

( ){ } ( ).,,max 321
22

002
x,x,xxxddxxff

TtCL =ττ= ∫≤≤×

t
 

(iv) The unknown function ( )tx,Φ  satisfies Hölder condition until 
respect to the time and Lipschitz condition with respect to the position. 

The integral equation (2.1) can be adapted in the integral operator 
form 

,12 Φλ+Φλ=Φ=Φ MLKf,K  (2.3) 

where 

( ) ( ) ,dytyyx,kL ,Φ=Φ ∫Ω  (2.4) 

and 

( ) ( ) ( ) ,,
0

ττΦτ−=Φ ∫∫ Ω
ddyyyx,ktFM

t
 (2.5) 

( ) ( )( )., 321321 y,y,yyyx,x,xxx ==  
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The continuity of the integral operator (2.3) can be proved by taking 
two sets [ ] ( )32121 , x,x,xuuu,u =Ω∈  to have 

Φ−Φλ+Φ−Φλ≤Φ−Φ 21221121 MMLLKK  

( ) ( ) ( ) ( )dyty,y,ukdyty,y,uk Φ−Φλ= ∫∫ ΩΩ
212  

( ) ( ) ( ) ττΦτ−λ+ ∫∫ Ω
ddyy,y,uktF 1

0
1

t
 

( ) ( ) ( ) .,2
0

ττΦτ−− ∫∫ Ω
ddyyy,uktF

t
 

Using Cauchy-Schwartz inequality, and conditions (i) and (iii), we get 

( ) ( )[ ] ,211221 Φ⋅λ+λ≤Φ−Φ u,ugTBKK  

where tT
Tt≤≤

=
0
max  and ( ) ( ) ( ) .2

1
2

2121 




 −= ∫Ω dyy,uky,uku,ug  Hence, 

when ,21 uu →  we have ( ) ,021 →u,ug  which leads us to write 

.21 Φ→Φ KK  The normality of the integral operator (2.3) can be proved 
as 

Φλ+Φλ≤Φ × MLK cL 122
 

( ) ( ) τ






 τΦ







λ= ∫∫ ΩΩ

ddyydydxyx,k
2
1

2
1

,22
2  

( ) ( ) .,max
2
1

2
1

2
0

2
1 τ







 τΦ⋅







λ+ ∫∫∫ ΩΩ

ddyydydxyx,kB
t

 

Using Cauchy-Schwartz inequality, and conditions (i) and (iii), we have 

( ) ,12 φγ=φλ+λ≤Φ TABK  

where 

( ) .112 <λ+λ=γ TAB  
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3. System of Fredholm Integral Equations 

If we divide the interval [ ] ,10,,0 <≤≤ TtT  as <<<≤ …100 tt  

,Tti =  when i.,,,,tt …AA 210, ==  The integral equation (2.1) takes 

the form 

( ) ( ) ( ) ττΦτ−λ ∫∫ Ω
ddyy,yx,ktF

t
A

1

0
1  

( ) ( ) ( ),2 AA tx,fdyty,yx,k =Φλ+ ∫Ω  (3.6) 

which can be adapted in the form 

( ) ( ) ( ) ( ) ( ) ( ),, 1
2

0
1 xfhOdyyyx,kdyyyx,kFu p

jjj
j

AAAA

A
=+Φλ+Φλ +

ΩΩ=
∫∫∑  

( ),0,0 >→ phA   (3.7) 

where jj hh AA ≤≤= 0max  and .1 jjj tth −= +  

Here, we used the following notations: 

( ) ( ) ( ) ( ) ( ).,,, xftx,fyty,FttF jj AAAAAA =Φ=Φ=−  (3.8) 

The values ju  and the constant p  depend on the number of derivatives 

of ( )τ−tF  with respect to t, see [8]. 

Also, the boundary condition (2.2) becomes 

( ) .,,2,1,0, NPdxx …AAA ==φ∫Ω  (3.9) 

The formula (3.2) represents a linear system of Fredholm integral 
equations of the first kind, where its solution depends on the kind of the 
kernel ( )yx,k  and the domain of integration .Ω  In the application, we 

will neglect ( ).1+phO A  



A. K. KHAMIS 52

4. Spectral Relationships 

In this section, we will obtain spectral relationships for mixed 
integral equation in one, two, and three dimensions. 

4.1. Potential kernel in finite domain 

Assume the domain of integration ,Ω  in (3.7), in the form  

{( ) }0,: 22 =≤+Ω∈=Ω zayxzy,x,  and the kernel of the position 

takes the potential function form 

( ) ( ) ( )[ ] ., 2
1

22 −
η−+ξ−=η−ξ− yxyxk  (4.10) 

Hence, we have the following system: 

( )

( ) ( )

( )

( ) ( )
( ).,,,

222220
1 yxf

yx

dd

yx

dd
Fu j

kj,j
j

A
A

A
=

η−+ξ−

ηξηξΦ
λ+

η−+ξ−

ηξηξΦ
λ ∫∫∑ ΩΩ=

 

(4.11) 

Using the polar coordinates, the formula (4.11) takes the form 

( )

( )ψ−θρ−ρ+

ψρψρΦρ
λ ∫∫∑

π

π−= cos2

,
2200

1
rr

dd
Fu ja

kj,j
j

A
 

( )

( )
( ).,

cos2

,
220

2 θ
ψ−θρ−ρ+

ψρψρΦρ
λ+ ∫∫

π

π−
rf

rr

dda
A

A  (4.12) 

Here, we used the following notations: 

,sin,cos,sin,cos ψρ=ηψρ=ξθ=θ= ryrx  

( ) ( ) ( ).,sin,cos θψ=θθψ=ψ rrryx, jjj  (4.13) 

To separate the variables, one assumes 

( ) ( )( ) ( ) ( )( ) .
sin
cos

,,
sin
cos

,




θ
θ

=θ




θ
θ

Φ=θΦ
m
m

rfrf
m
m

rr mm
jj AA  (4.14) 

Using (4.14) in (4.12), we have 
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( ) ( )( ) ( ) ( )( ) ( )( ),,,
0

2
0

1 rfdrLdrL
a

Fu mm
m

am
jmkj,j

j
AA

A
=ρρΦρρλ+ρρΦρρλ ∫∫∑

= 0
 

(4.15) 

where 

( ) .
cos2

cos,
22 θρ−ρ+

ψψ
=ρ ∫

π

π− rr

dmrLm  (4.16) 

Using the following relations, see [10, 14]: 

(1) 
[ ]

( ) ( ),,1,,!
2

cos21

cos 2
2

2

0
zmmFm

z

zz

dm m
m +α+α

απ
=

+ψ−

ψψ
α

π

∫  

( ) ( )
( ) ;,0Re,1 








αΓ
α+Γ

=α>α<
mz m  

(2) ( ) ;
1

4;2;,1,2
1,2

1, 2
22 








+
ββα+=





 +ββ−+αα α−

z
zFzzF  

(3) ( ) ( )
( ) ( ) 






 β+Γα+Γ+







 β−+αΓ

=
+β−α

ααβ−

β−
αα

∞

∫
2

11

2
12

120 ba

ba
dxxbxJaxJ  

( )
,4;12;2

1,2
1

2 










+
+α+αβ−+α×

ba
abF  

where ( )zcbaF ;;,  is the Gauss hypergeometric function, ( )xΓ  is the 

Gamma function, and ( )xJn  is the Bessel function, the kernel (4.16) 

takes the form 

( ) ( ) ( ) .2,
0

duurJuJrL mmm ρπ=ρ ∫
∞

 (4.17) 

Using (4.17) in (4.15), we obtain 
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( ) ( )( ) ( ) ( )( ) ( )( ),,,
0

2
00

1 rgdZrKdZrKFu mm
m

am
jm

a
kj,j

j
AA

A
=ρρρλ+ρρρλ ∫∫∑

=

 

( )( ) ( ) ( ) ( )( )( ),, rfrgrrZ mmm
j

m
j AA =Φ=  (4.18) 

where 

( ) ( ) ( ) .2,
0

duurJuJrrK mmm ρρπ=ρ ∫
∞

 (4.19) 

Equation (4.18) represents a system of Fredholm integral equations of 
the first kind with kernel (4.19) takes a form of Weber-Sonien integral 
formula. 

Assume the solution of (4.18) at ,1=a  in the form 

( )( ) ( ) ( ) ( ),,,2,1,0,1
1

1 2
2

02
A…=





 −

−
= ∑

∞

=

krPa
r

rZ m
n

m
n

n

m
k kk

k

 (4.20) 

where ( )yP n2  is the Legendre polynomial. Then, using the same way of 
[5, 6], we obtain 

( )
( ) ( )

2

2,
1

0
,

0
1

1

21, 2
1

ρ−

ρρ−ρ
λ

−

=
∫∑

dPrK
Fu

n
mm

jj
j

j
A

A
 

( )
( ) ( )

2

2,
1

0
2

1

21, 2
1

ρ−

ρρ−ρ
λ+

−

∫
dPrK

n
mm A  

( )
( )

( )
,21 2

1
2
1 ,

2
2

0
1

−−

=

µλ+−µλ= ∑ n
mm

nn,
mj,jm

j

n PrrPFur
jj AAA

A
 (4.21) 

where, in general, 

( ) ( ) ,1!2
2
12

kk

k
m nmm

m
u k +Γ






 +Γ

=  (4.22) 

and ( )( )xPm
βα,  is a Jacobi polynomial. 
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4.2. Generalized potential kernel in finite domain 

When the modules of the elasticity of the contact problem is changing 

according to the power law ,10, <≤ε=σ vK v
ii 0  where iσ  and iε  are 

the stress and strain rate intensities, respectively, while 0K  and v are 

the physical constants, see [7]. 

For this, the kernel of Equation (3.7) takes the form 

( ) ( ) ( )[ ] .10,, 22 <≤η−+ξ−=η−ξ−
−

vyxyxK
v

 (4.23) 

The kernel of Equation (4.23) is called the generalized potential kernel. 

Using (4.23) in (3.7) and following the same steps of potential kernel, 

where ( ){ },0: 22 =≤+Ω∈=Ω za,yxzy,x,  we can arrive to the 

following results: 

( )( ) ( )( ) ( )( ) ( )( ) ( )( ),,
1

0
2

1

00
1 rgdZrv

mKdZr,KFu mmm
j

v
mkj,j

j
AA

A
=ρρρλ+ρρρλ ∫∫∑

=

 

(4.24) 

where 

( )( ) ( ) ( ) ( ( ) ( )

( ) ).21,,
12

12
0 v

vcduurJuJurcrK
v

mm
vv

m Γ
⋅−Γπ=ρρ=ρ

−
−

∞

∫  

(4.25) 

The generalized potential kernel of (4.25) takes a generalized form of 
Weber-Sonien integral formula. Representing the unknown functions 

( )m
jZ  and the known functions ( )( )rg m

A  in the Jacobi polynomials form 

( )( )
( )

( ) ( ) ( ) ( ),21
1

1 2,

02
rPa

r
rZ m

n
mm

n
n

m
k kk

k

−⋅
−

= σ−
∞

=
σ ∑  (4.26) 
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( )( )
( )

( ) ( ) ( ) ( ),21
1

1 2,

02
rPg

r
rg m

n
mm

n
n

m
k kk

k

−⋅
−

= σ−
∞

=
σ ∑  (4.27) 

then using Krein’s method, see [7], we can obtain the following spectral 
relationships: 

( )

( )
( ) ( ) ( )duuP

u

vu,Ku m
n

m
v
m

m

j
j

2,

2

1

00
1 21.

1
−

−

λ
−

−
σ−

σ

+

=
∫∑
AA

 

( )( ) ( ) ( )( )duuPvu,Ku m
n

mv
m

m 2,11

0
2 21. −λ+

−σ−+∫ A
 

( ) ( )( ) ( ) ( )( ),2121 2,
2

2,

0
1 uPuuPFu m

n
m

n
m

n
m

kj,nj
j

jj −⋅λ+−⋅µλ=
−− σ−σ−

=
∑ AA

A
 

 (4.28) 

where 

( ) ( ) ( )[ ] ,21!22 12 −++σ +Γσ+Γσ+Γ=µ
+

AAAAA nnnnn  

( ).2
10,2

1,2
1 <≤+=±=σ± wwvw   

Taking in mind the basic relations of Bessel function, we can prove 
that, the generalized potential kernel (4.25) satisfies the following non- 
homogeneous wave equation: 

( ) ( ) ( )( ) ( ),,,2

2

2

2
ρρ−=ρ









ρ∂

∂−
∂

∂ rKhrhrK
r

v
m

v
m  

( ) .2
1,4

1 22 




 ±≠





 −= − mrmrh  (4.29) 

Also, many special cases can be derived from (4.25) 
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(i) Carleman kernel, :2
1±=m  

( ) ( ) ( ) .
2
1

2
1

2
1

12
0

dttvJtuJtuvcvuvu,K vvv
±±

−
∞−

± ∫=−=  (4.30) 

(ii) Logarithmic kernel, :2
1,2

1 ±== mv  

( ) ( ) ( ) .ln2,
2
1

2
12

1

2
1 0

vudttvJtuJuvvuK −−=π= ±±

∞

± ∫  (4.31) 

(iii) Elliptic kernel, :0,2
1 == mv  

( ) ( ) ( ) ( ) .222
00

00
2
1

dttvJtuJvu
uvEvu

uvvu,K ∫
∞

π=
++π

=  (4.32) 

(iv) Potential kernel, ,2
1=v  see Equation (4.19). 

The spectral relationships for the complete elliptic kernel can be 
obtained in the form 

ρ




 ρ−

ρ−









ρ+
ρ

λ ∫∑
=

dP
r

ruE
Fu jmjj

j

2
220

,
0

1 1
1

2
A

A

A
 

ρ




 ρ−

ρ−









ρ+
ρ

λ+ ∫ dP
r

ruE
m

2
22

1

0
2 1

1

2

A  

( )
( ) 





 −







 −πλ= ∑
∞

=

2
2,

0

2
1 1!!2

!!12
4 rPm

m
Fu jm

j

j
jj

j
A  

( )
( ) ,1!!2

!!12
4

2
2

2
2 





 −



 −πλ+ rPm

m
mAA

A  

(
( ) ( ) ( )zPxPxP mmm ,121 2

2
2,0 2

1





 −=−

−
 is a Legendre polynomial ). 

(4.33) 
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The importance of the integral equation with complete elliptic kernel 
came from the work of Kovalenko [11], who developed the Fredholm 
integral equation of the first kind for the mechanics mixed problem of 
continuous media, and obtained an approximate solution for the 
Fredholm integral equation of the first kind with complete elliptic kernel. 

Many important spectral relations can be derived and established 
from the formula (4.27), for different values of 10, <≤ vv  and for higher 

order .,,2,1,0 A…=j,mj  

4.3. Potential kernel in a half-space 

Assume in Equation (3.7), ( ) ( ) ( )[ ] ,, 2
1

22 −
η−+ξ−=η−ξ− yxyxk  

( ){ },0,1,: ≤<∞−≤∞<<∞−Ω∈=Ω zyxzy,x,  

hence, we have the following system of integral equations: 

( ) ( )( ) ( ) ( )( ) ( )( ).0
1

1
0

1

1
,

0
1 ufdvvvuKdvvvuKFu jjj

j

αα

−

α

−=

=Φ−α+Φ−αλ ∫∫∑ AAA

A
 

(4.34) 

In Equation (4.34), we used the following Fourier integral transformation, 
see [9]: 

( )( ) ( ) ,, dxeyxy xi
JJ

α
∞

∞−

α Φ=Φ ∫  

( )( ) ( ) ( ),1, −== α
∞

∞−

α ∫ idxeyx,fyf xi
AA  (4.35) 

and the definition of Macdonald kernel, see [5] 

( )
( )

,cos
220

0
yx

dyyxK
+ξ−

α
=ξ−α ∫

∞
 (4.36) 

where α  is the Fourier parameter and 0K  is the Macdonald kernel. 
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Assuming the unknown functions ( )uJΦ̆  in the Mathieu functions, 

see [9], we have the following spectral relationships: 

( )duvuK
u

uC
Fu

jen
jj

j
−α

−






 −

λ

−

−=
∫∑ 02

1
1

1
,

0
1

1
4
1,cos

A

A
 

( )duvuK
u

uCen
−α

−






 −

λ+

−

−∫ 02

1
1

1
2

1
4
1,cosA

 













 −





 −

πλ=

−

=
∑

4
1,0

4
1,cos4

1,0

1

1
,

0
1

j

jj

ne

ennejj

j KF

vCKFFu AA
 

,

4
1,0

4
1,cos4

1,0

1

1

2












 −





 −

πλ+

−

A

AA

ne

enne

KF

vCKF
 (4.37) 

where ( )qrKF jne −,  and ( )qCen −θ,A  are called the Mathieu functions 

under the conditions ,4,,20
2aq =∞<γπ≤θ≤  and .1=a  

If the domain of integration in Equation (3.7) is considered as  
( ){ },0;: ≤∞<<∞−Ω∈=Ω zyx,zy,x,  and the kernel takes the 

potential function form, we will have the following: 

( ) ( )dvvLe
v

vuKFu
jm

v
jj

j
22

1
0

0
,

0
1

−−
∞

=

−
λ ∫∑ A

A
 

( ) ( )dvvLe
v

vuK
m

v 22
1

0
0

2
−−

∞ −
λ+ ∫ A

 

( )[ ]
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( )[ ]
( ) ( ) ( ),0,2!2

!12
2

2
1

2 ≥
−πλ

+
−− uuLem

m
m

u
AA

A  (4.38) 

where ( )xLm
σ  is the Chebyshev-Laguerre polynomial. 

4.4. Generalized Macdonald kernel 

If we take in (3.7) 

( ) ( ) ( )[ ] ( )
,2

10,, 2
1

22 <µ≤η−+ξ−=η−ξ−
+µ−

yxyxK  

( ){ },0;: ≤<∞−∞<<∞−Ω∈=Ω zyx,zy,x,  then using the Fourier 
transformation of Equation (4.25), we have the following system: 

( )( )
µ

α
µ∞

∞−= −

Φ−α
λ ∫∑ vu

dvvvuK
Fu j

jj
j

A

A

,
0

1  

( )( )
( ),2 ug

vu

dvvvuK
A

A =
−

Φ−α
λ+

µ

α
µ∞

∞−∫  (4.39) 

( ) ( ) ( )( ),2
12 12

1
ufug αµ−−µ−

α




 µ+Γπ= AA  

where ( ) ,0, >α⋅αnK  is the generalized Macdonald kernel, that has 
the following expansion: 

( )
( ) ( ) ,1,222 2

1
2
1

0
=απ=

−

− −µ−µ
∞

=
+µ

µ ∑ vLuL
evu

vuK
nn

n
vu

r
 (4.40) 

where ( )xLσn 2  is the Chebyshev-Laguerre polynomial. 

Using (4.40) in (4.39), then expanding the unknown functions ( )( )uj
αΦ  

and the known functions ( )ugA  in terms of Chebyshev-Laguerre 
polynomials, we obtain 
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( ) ( )uLmm
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
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 +µ+Γ


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( ) ( ),22
1

2
1

!
2 2

1

2 uLmm
e

jmj

u
−µ

−






 +µ+Γ





 µ−Γ

π

λ+ A  

( ),,,10,00 A…,jm,u j =≥≥  (4.41) 

where ( )⋅Γ  is the Gamma function. 

If we let, in Equation (4.41), ,0=µ  directly we have the result of the 
formula (4.38). 
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